Abstract. Let C be a smooth complex projective curve and G a connected complex reductive group. We prove that if the center Z(G) of G is disconnected, then the Kirwan map
Introduction
Let C be a nonsingular complex projective curve of genus g ≥ 2. Let G be a connected complex reductive group. Associated to C and G there are:
• a moduli stack M (G, C) are indexed by the abelian group π 1 (G) (cf. [GO] for the latter). Let Z = Z(G) denote the center of G. The group Z can be split as a product, Z ∼ = Z
• × π 0 (Z), where the identity component of Z is Z
• and the component group is π 0 (Z). The abelian group stack Bun(Z, C), the moduli stack of principal Z-bundles, acts on M ss Higgs (G, C), inducing an action of the coarse moduli space Bun(Z, C) on M ss Higgs (G, C). The fundamental group π 1 (G) contains a finite-index subgroup, the image of ι : π 1 (Z • ) → π 1 (G) (cf. (3.7) and Proposition 3.8).
1.1. Kirwan Map. For each η ∈ π 1 (G) write Bun(G, C) η , M This shows that, for semisimple G, the Kirwan map can only be surjective when G is of adjoint type, generalizing the work of Hitchin (cf. [Hi] and [HT] ) for SL n . with respect to the mixed Hodge structure. In particular, the Kirwan map (whose domain H * Bun(G, C) η is pure) fails to surject onto the pure part of the cohomology.
When Z(G) is connected, one does expect κ to be an isomorphism; this is proven when G = GL n for coprime rank n and degree d (when the map p becomes a G m -gerbe over a smooth variety) in [Ma] , and for G = GL 2 , P GL 2 and d = 0 in [DW 3 ], but the bulk of cases seem to remain open.
1.3. Strategy of Proof. The proof of Theorem 1.1 makes essential use of the commuting actions of the multiplicative group G m , acting by scaling the Higgs field, and the abelian group stack Bun(Z, C) of principal Z-bundles, acting by "tensoring" the G-Higgs bundle, on M ss Higgs (G, C) and M ss Higgs (G, C). Section 3 develops basic properties of the action of Bun(Z, C), in particular showing that Bun(Z, C) acts infinitesimally freely on M ss Higgs (G, C) and that the induced action of H 1 (C, π 0 (Z)), the group of isomorphism classes of principal π 0 (Z)-bundles, preserves connected components of M ss Higgs (G, C). We show that whenever H 1 (C, π 0 (Z)) is nontrivial it acts nontrivially on H * M ss Higgs (G, C) η and H * M ss Higgs (G, C) η , whereas it acts trivially on H * Bun(G, C) η . Essentially the same idea was used in [DW 3 ] (without using the G m -action to simplify) and [HT] . Section 4 develops the principal computational tool in our proof, a Borel-Quillen-style localization theorem for equivariant cohomology of stacks that, applied to the G m -action, allows us to reduce to a calculation on a certain G m -fixed locus, M ss Higgs (G, C) fixed in the notation of that section. We show by explicit construction that M ss Higgs (G, C) fixed contains a union of connected components isomorphic to Bun(Z, C), compatibly with the action of Bun(Z, C) on M ss Higgs (G, C). It follows that
Higgs (G, C) , whereas it acts trivially on H * Bun(G, C) . This proves the first assertion of Theorem 1.1 for the cohomology of the stack (and essentially the same proof gives the intersection cohomology statement); the proof of the assertions for the moduli space is similar.
Although the use of C * localization to establish topological features of algebraic varieties or other topological spaces is completely standard, it seems to be new to use it for Artin stacks rather than merely Deligne-Mumford stacks. While the statement we use is not hard, it appears to be new. It turns out that there is broader story of such localizations that seems not to be as well known as we think warranted, and that we plan to develop further in a future paper.
A result related to Theorem 1.1 will appear in [McGN2] , providing explicit examples of finitedimensional hyperkähler manifolds M with the action of compact groups K for which the hyperkähler Kirwan map H * HT, McGN2] and the present paper) surjective, we are developing enough data to suggest a characterization of when κ should be surjective.
We also note that we have chosen to include some basic facts that could be cited in the literature rather than developed from scratch as we have done here-while this runs the risk of giving the impression that we claim originality for facts well known to the community, we simply note that even the present more-or-less self-contained paper is not long. 
As in the introduction, all singular cohomology groups are taken with Q-coefficients.
Throughout the paper we fix a smooth projective (connected) complex curve C of genus g ≥ 2. Choose a spin bundle K 1/2 C and let K 1/2 denote the associated G m -bundle, so that K 1/2
C . We also work with a fixed connected, reductive complex algebraic group G with center Z = Z(G). We fix a Borel subgroup B ⊂ G and a maximal torus T ⊂ B; let U ⊂ B denote the unipotent radical. We write g = Lie(G), b = Lie(B), n = Lie(U ), z = Lie(Z), and N for the nilpotent cone of g. We let g reg denote the regular locus of g. For an affine algebraic group H, we write Bun(H, C) for the moduli stack of principal H-bundles on C. When the identity component of H is an algebraic torus, we write Bun(H, C) for the coarse moduli scheme of principal H-bundles.
We use the terminology "abelian group" and "commutative group" interchangeably. However, we prefer the phrases "commutative group scheme/stack" because of the risk that "abelian group scheme" suggests that the scheme is proper (hence an abelian variety) over some given base.
Basics on M ss
Higgs (G, C) and M ss Higgs (G, C). Let (E, θ) be a G-Higgs bundle on C. Recall that for a parabolic subgroup P ⊂ G and P-reduction E P of E, we say E P is compatible with θ if θ is (the image of) a section of
C . Then the G-Higgs bundle (E, θ) is semistable, respectively stable, if for every proper parabolic subgroup P ⊂ G and P-reduction E P of E compatible with θ, the bundle E P × P g/p has nonpositive, respectively negative, degree. The center Z(G) always acts by automorphisms of the pair (E, θ); we say (E, θ) is simple if Aut(E, θ) = Z(G). 
For the morphism p of Proposition 2.2, we have
Higgs (G, C) is a torsor for the commutative group stack BZ, inducing an identification M st-spl
Consider the product C ×Bun(G, C) → BG×BG m of the classifying morphism C ×Bun(G, C) → BG for the universal G-bundle and the composite C ×Bun(G, C) → C → BG m where the latter map classifies the G m -bundle associated to Ω 1 C . The universal G-Higgs field then determines a morphism 
Principal Z(G)-Bundles and the Action on G-Higgs Bundles
We have a short exact sequence
where Z • is the identity component. Note that Z • is a torus and π 0 (Z) is a finite abelian group.
Lemma 3.1.
is an exact sequence of abelian groups, where F is finitely generated abelian and D is a divisible group. Then A ∼ = F × D.
(2) In particular, for the center Z(G) of a connected reductive group G over C we have
Remark 3.2. In light of Lemma 3.1(2), we henceforth fix a choice of splitting
For a commutative group scheme A whose identity component is an algebraic torus, write Bun(A, C) = H 1 (C, A) for the coarse moduli space of A-bundles on C. The splitting
We have Bun(A, C) ∼ = B(A) × Bun(A, C) when A is any of the groups Z • , Z, or π 0 (Z); in particular, Bun(π 0 (Z), C) is a gerbe over a finite abelian group scheme. Since Z
• is a torus,
Proposition 3.3. We have
In particular, Bun(Z, C) is a disjoint union of connected components, each of which is a BZ-torsor over a nonsingular projective variety.
3.2. Action of Bun(Z, C) on Bun(G, C) and T * Bun(G, C). The stack Bun(Z, C) of principal Z-bundles on C is a commutative group stack, with operation (E, F ) → E × Z F . The group stack Bun(Z, C) acts naturally on Bun(H, C) as well by the same formula when F is a principal H-bundle for any closed subgroup Z ⊆ H ⊆ G.
In particular, the action of Bun(Z, C) on Bun(G, C) induces an action of Bun(Z, C) on T * Bun(G, C), the moduli stack of all G-Higgs bundles on C. Because the action of Bun(Z, C) preserves parabolic reductions of a given G-bundle and Z acts trivially on g/p for any parabolic subalgebra p ⊂ g:
preserves the open substacks of semistable, stable, and simple G-Higgs bundles (definitions as in Section 2.2).
Let (P, θ) be a G-Higgs bundle. One gets a complex of vector bundles over C,
with P × G g in cohomological degree −1. For the fiber of the tangent complex at (P, θ) one has
whereČ
• denotes theČech complex associated to any choice of affine open cover of C. Note that the Lie algebra g splits as a G-representation,
is a direct summand of Def(P, θ). Writing triv for the trivial Z-bundle on C, we have
. We conclude:
Lemma 3.5. For any choice of G-Higgs bundle (P, θ), the infinitesimal actions of Bun(Z, C) on T * Bun(G, C) and Bun(G, C),
express T triv Bun(Z, C) as a direct summand of both T (P,θ) T * Bun(G, C) and T P Bun(G, C) .
Since Bun(Z, C) is a gerbe over a smooth scheme, we conclude:
Corollary 3.6. For any choice of G-Higgs bundle (P, θ), the induced morphisms of "action on P , respectively (P, θ),"
are representable and injective on tangent spaces.
Proof. The homomorphisms Z(G) → Aut(P, θ) and Z(G) → Aut(P ) are always injective, hence the morphisms are representable. By the lemma, the induced map on H 0 (T) is injective, hence the morphisms are immersions. Bun(G, C) . Let G denote the universal cover of G as a complexanalytic Lie group, with the exact sequence
Connected Components of
Each of these groups determines a complex-analytic sheaf of groups over the complex-analytic curve C an , abusively denoted by the same symbol. The set of C-points of the stack Bun G (C) is the (nonabelian) cohomology set H 1 (C an , G). We recall (for example, from [Ho] ) that the set of connected components of the stack Bun G (C) is classified by the connecting homomorphism of cohomology sets
that is, the connected components of Bun G (C) are labelled by π 1 (G), and the fibers of δ are the isomorphism classes lying in the given connected component. Via the splitting Z = Z • × π 0 (Z) (Remark 3.2), we get a homomorphism π 0 (Z) ֒→ G. Pulling back the exact sequence (3.5) gives an extension
inducing a commutative square
and making
Proposition 3.7. The group H 1 (C, π 0 (Z)) acts trivially on H 2 (C, π 1 (G)). Thus, the abelian group stack Bun(π 0 (Z), C) acts on Bun(G, C) preserving connected components.
Proof. Via the commutative square, we see that it suffices to show that the boundary map H 1 (C, π 0 (Z)) → H 2 (C, π 1 (G)) associated to (3.6) is zero. But since the groups in (3.6) are discrete and H * (C, Z) is a free Z-module, the Universal Coefficient Theorem gives
implying that the boundary map is zero.
Action of Bun(Z, C) on Components of Bun(G, C)
. Now, choose a principal G-bundle P on C, determining a C-point of Bun(G, C). We obtain a morphism
Proposition 3.8. The map of sets of connected components induced by the morphism ψ P maps
Proof. It suffices to show that the homomorphism H 2 (ι) :
is injective with finite cokernel. But up to an isogeny, G is the product of a torus T and a semisimple group, with the torus T thus being isogenous to Z
• . Since a semisimple group has finite π 1 , we conclude:
The map ι : π 1 (Z • ) → π 1 (G) has finite kernel and cokernel.
Since the domain of ι is torsion-free, the kernel is trivial. Finally, it follows from the Universal Coefficient Theorem that H 2 (ι) is obtained by tensoring π 1 (Z • ) → π 1 (G) with H 2 (C, Z) = Z.
Equivariant Cohomology and Partial Localization
In this section, let V be a reduced, separated scheme of finite type over C, viewed as a topological space in the analytic topology, with the action of a complex reductive algebraic group G m × G.
Fixed Points on Stacks.
The stack V /G admits an action of the multiplicative group G m induced from the product action on V ; we write (t, v) → t · v for this action. Replacing that action by a m (t, v) = t m · v for each positive integer m, we obtain the action on V /G of the pro-object G m = lim 
For each x ∈ V , write Lie(G m × G) x for the Lie algebra of the stabilizer (G m × G) x . We write
Lemma 4.1. The condition above defines a closed substack
We write X fixed = V /G fixed for the pre-image in V /G of V /(G m × G) fixed (cf. Appendix C of [GP] in the case of DM stacks). We have:
Proof. Suppose first that x ∈ V and x ∈ (V /G) Gm have isomorphic images in V /G. Then there exists an m > 0 such that x determines a section of (
x is defined with respect to the action of G m via a m , whose composite is the identity.
Conversely, suppose x ∈ V has image in V /G fixed , so that Lie(G m ×G) x → Lie(G m ) is surjective. The stabilizer (G m × G) x is the semi-direct product of its unipotent radical and a Levi subgroup L x , and the unipotent radical maps trivially to G m ; it follows that the Levi subgroup L x of (G m × G) x surjects onto G m . Since L x → G m is a surjection of reductive complex groups, it can be split up to an isogeny of G m : choosing such a splitting, we get a homomorphism φ :
Lemma 4.3. Assume a subgroup C ⊂ G acts trivially on V ; let r : V /G → V /(G/C) be the quotient.
(1) A C-point x ∈ V /G lies in V /G fixed if and only if r(x) ∈ V /(G/C) fixed .
(2) In particular, if V /(G/C) is a scheme, then x ∈ V /G fixed if and only if r(x) ∈ V /(G/C) Gm .
Remark 4.4. Suppose X = V /G and that X = V /(G/C) is a scheme. Then by noetherianness of X and Lemma 4.3, there is an m > 0 for which X Gm,am (C) → X Gm (C) is already surjective.
Consider now a reductive group G acting on a smooth scheme M with moment map µ : T * M → g * , and that V = µ −1 (0). Let G m act on V ⊂ T * M by fiberwise scaling, so G × G m acts on V . We write (x, θ) ∈ T * M to mean the point θ ∈ T * x (M ). Lemma 4.5. Suppose V = µ −1 (0) ⊆ T * M as above. The C-points of V /G fixed are the images of those (x, θ) ∈ V ⊂ T * M such that there exist
4.2.
A Localization Theorem for Product Actions. As above, let V be a reduced, separated scheme of finite type over C, viewed as a topological space in the analytic topology, equipped with the action of a complex reductive algebraic group of the form
Consider the cohomology, always with Q-coefficients,
Proof. Write V /G fixed = F/G for the appropriate closed subset F ⊆ V . The proof mimics that of Theorem 4.2 of [Q] . By the Mayer-Vietoris argument of [Q, Theorem 4.2] , it suffices to show that
Applying Remark 3.4 and Formula (3.1) of [Q] , it suffices to show that the image of u in H *
Since H is a finite group and we are working with Q-coefficients, we have H 2 H (pt) = 0, and thus the image of u in H *
We explain a similar statement for intersection cohomology (always with Q-coefficients), which will suffice for our purposes. As in the proof of Proposition 4.6, we restrict attention to the compact group S 1 ⊂ G m . We continue to write X = V /G. We abusively write IH *
is an isomorphism. The proof is a straightforward modification of the proof of Proposition 4.6 as in [Bry, Corollary 4.1.3] .
Interlude: Regular Nilpotent Elements
Recall the surjective homomorphism π ad : G → G ad that factors the adjoint homomorphism
The group G ad is semisimple and ker(π ad ) = Z. We have an isomorphism [g, g] ∼ = − → g ad , yielding a canonical G-equivariant splitting g = z ⊕ g ad as in (3.4).
Choose any regular nilpotent e ∈ g ad . It follows from the Jacobson-Morozov Theorem that there exists a 1-parameter subgroup γ : G m → T ⊆ G with the property that Ad γ(t) (e) = t m(γ) e for some m(γ) > 0, and that γ can be chosen so that m(γ) is either 1 or 2.
Convention 5.1. We fix a γ for which m(γ) is (whichever of 1 and 2 is) the minimum possible.
The stabilizer U ad := Z G ad (e) in G ad is a connected, commutative unipotent group [Spr, Theorem 4 .1]; it follows that then Z G (e) = π −1 ad Z G ad (e) . Lemma 5.2. There is a unique connected unipotent subgroup U ⊂ G for which Z G (e) = Z × U.
Proof. Writing G ad for the simply connected cover of G ad , consider the commutative diagram
The homomorphism U π ad − − → U ad is surjective, since its image has finite index by construction and U ad is connected; it has finite kernel since u ad has finite kernel. Since a unipotent group in characteristic zero has no nontrivial finite subgroups, we get that π ad induces an isomorphism U ∼ = U ad . Thus π −1 ad (U ad ) = Z × U. This proves existence. For uniqueness, note that if U, U ′ are any two such subgroups, the composite U ′ ⊂ Z G (e) = Z × U ։ Z is trivial because Z is a product of a torus and a finite group. Thus U ′ ⊂ U. Similarly U ⊂ U ′ , and we conclude U = U ′ .
Corollary 5.3.
(1) If Ad γ1(t) (e) = t m e = Ad γ2(t) (e), then there exists η : G m → Z such that γ 2 = η · γ 1 . (2) For every 1-parameter subgroup λ for which Ad λ(t) (e) = t m(λ) (e), there exist N > 0 and
Proof. The product γ 2 γ −1 1 fixes e, hence is a 1-parameter subgroup in Z × U; but U contains none. The second assertion follows from the first together with the fact that the set of N ∈ Z for which there exists a 1-parameter subgroup λ satisfying Ad λ(t) (e) = t N e, is a cyclic subgroup in Z.
Lemma 5.4. The Ad γ(t) -action on g ad induces a splitting g ad = n − ⊕ t ad ⊕ n, where t ad is a Cartan subalgebra of g ad and γ(t) acts with positive weights on n and negative weights on n − .
It follows from [Hu, Theorem 2.2] that, for any integer n > 0, the centralizer
Then by Lemma 5.2 above and Theorem 2.2 of [Hu] we get:
Proposition 5.5. For any n > 0, we have Z(e, γ
Moduli of Semistable Higgs Bundles and Fixed Points
We treat some properties of certain G m -fixed points on M ss Higgs (G, C). A helpful discussion of the G m -action on the moduli space can be found in [GRR] .
6.1. Analysis of Fixed Points on M ss Higgs (G, C). Suppose (P 1 , θ 1 , λ 1 ), (P 2 , θ 2 , λ 2 ) are points of M ss Higgs (G, C) Gm reg (so θ 1 , θ 2 are regular nilpotent in every fiber): that is, P i is a principal Gbundle, θ i is a Higgs field on P i , and λ i is a 1-parameter subgroup of Aut G (P i ) that rescales θ i , i.e., Ad λi(t) (θ i ) = t mi θ i for some integer m i . Replacing λ 1 , λ 2 by appropriate powers, we assume that θ i is an eigenvector for λ i with the same exponent: Ad λi(t) (θ i ) = t N θ i .
Lemma 6.1. There exist a principal Z-bundle P Z , a 1-parameter subgroup η : G m → Z and an isomorphism φ : P Z × Z P 1 ∼ = − → P 2 of G-bundles so that φ(θ 1 ) = θ 2 and φ(ηλ 1 ) = λ 2 .
Proof. Choose a point x ∈ C. By Corollary 5.3, there exist a 1-parameter subgroup η : G m → Z and an isomorphism (P 1 ) x ∼ = (P 2 ) x of principal homogeneous G-spaces that takes (θ 1 ) x to (θ 2 ) x and identifies ηλ 1 with λ 2 on the fiber over x. Now, replacing λ 1 by ηλ 1 , we may assume that the fibers over x of (P 1 , θ 1 , λ 1 ) and (P 2 , θ 2 , λ 2 ) are isomorphic. Since Hom gp (G m , Z) is discrete, we conclude via Proposition 5.5 that the isomorphism bundle P Z := Isom (P 1 , θ 1 , λ 1 ), (P 2 , θ 2 , λ 2 ) is a Z-torsor. This completes the proof.
6.2. Stable G-Higgs Bundles with Regular Nilpotent Higgs Field.
Lemma 6.2. Suppose that (P, θ) is a stable G-Higgs bundle with regular nilpotent Higgs field. Then (P, θ) is simple, i.e., Aut(P, θ) = Z.
Proof. By Lemma 5.2, the group scheme Aut(P, θ) of fiberwise automorphisms of (P, θ) is the product of the constant group scheme Z over C and a unipotent group scheme U(P, θ) over C. Because (P, θ) is stable, Proposition 3.14 of [GO] implies that every global section of the automorphism group scheme, i.e. element of Aut(P, θ), is semisimple. The conclusion follows. 
(1) the morphisms p 2 , p 1 are BZ-torsors, realizing Bun(Z, C) as the fiber product along a and p 1 , and thus also realizing Bun(Z, C) as the fiber product along i • a and p; (2) the morphisms i, i are open immersions; and (3) the morphisms a, i • a, a, and i • a are closed immersions.
Proof. The existence of the commutative diagram is immediate from the constructions. Assertion (1) is immediate from the facts that p 2 and p 1 are both BZ-torsors and that a is BZ-equivariant. Assertion (2) is immediate from Proposition 2.2(3).
To prove assertion (3), we proceed as follows. By Proposition 3.3, each component of Bun(Z, C) is a projective variety, hence the restrictions of a and i • a to each component of Bun(Z, C) are proper. It now follows from Proposition 3.8 that a and i • a are of finite type, hence a and i • a are proper (the targets are separated, so properness lifts).
If we can show that a and i• a are bijections onto their images on the level of C-points, it will then follow from Corollary 3.6 that they separate tangents, hence are closed immersions. Thus, suppose that (P 1 , θ 1 ) and (P 2 , θ 2 ) are in the image of a. As in the proof of Lemma 6.1, the automorphism group scheme Aut(P 2 , θ 2 ) is the product of the constant group scheme Z over C and a unipotent group scheme U(P, θ) over C; similarly, it follows from Lemma 5.2 that the isomorphism bundle Isom (P 1 , θ 1 ), (P 2 , θ 2 ) is a Aut(P 2 , θ 2 )-torsor, which evidently is trivial if and only if (P 1 , θ 1 ) ∼ = (P 2 , θ 2 ). We assume, without loss of generality in the proof, that (P 2 , θ 2 ) = (P, θ).
We thus consider the long exact sequence associated to 1 → Z × C → Aut(P, θ) → U(P, θ) → 1, 1 → H 0 (C, Z) F − → H 0 (C, Aut(P, θ)) → H 0 (U(P, θ)) → H 1 (C, Z) a − → H 1 (C, Aut(P, θ)) → . . . .
As noted above, (P, θ) is simple, and it follows that F is an isomorphism. It follows from the "injectivity of tangent spaces" assertion of Corollary 3.6 that the fiber of a over (P, θ) is finite, hence the image of the injective group homomorphism H 0 (U(P, θ)) → H 1 (C, Z) is finite, and in particular H 0 (U(P, θ)) is finite. But the fibers of the group scheme U(P, θ) are connected unipotent groups, which have no nontrivial finite subgroups, implying that H 0 (U(P, θ)) = {e}, and thus a is injective. Thus a and i • a are indeed bijections onto their images, implying that they are closed immersions.
It now follows from assertion (1) and the conclusion of the previous paragraph that a and i • a are also closed immersions.
7. The Main Construction and the Proof of Theorem 1.1 7.1. The Main Construction. As in Section 5, assume that we have fixed (Convention 5.1) a 1-parameter subgroup γ : G m → G and a regular nilpotent e ∈ g that is an eigenvector of Ad γ(t) with eigenvalue t m(γ) , where m(γ) is either 1 or 2.
Definition 7.1. We define P 0 := K −1/2 × γ1 G, where γ 1 (t) = γ(t) if m(γ) = 2, γ(t 2 ) if m(γ) = 1.
We let η 0 be the connected component of Bun(G, C) containing P 0 . Thus P 0 × G g = K −1/2 × γ1 g.
Lemma 7.2.
(1) γ determines a 1-parameter group λ of automorphisms of P 0 by λ(t) · (a, p) = (a, γ 1 (t)p) for a ∈ K 1/2 , p ∈ G. (2) The element e ∈ g determines a section θ 0 of (P 0 × G g) ⊗ Ω 1 C . Moreover, λ(t) * θ 0 = t 2 θ 0 .
Proof. Part (1) is clear by construction of P 0 . For part (2), note that
where G m acts on g via γ 1 . Since e ∈ g has weight 2 with respect to γ 1 , it determines an invariant element of g ⊗ A 1 (−2). Thus, e descends to a section θ 0 as asserted. That θ 0 has weight 2 with respect to λ is clear from the construction.
The Higgs pair (P 0 , θ 0 ) is the image of the Hitchin section at 0 in the Hitchin base [Hi2, Section 5].
Lemma 7.3. The Higgs pair (P 0 , θ 0 ) is stable.
Proof. By the Jacobson-Morozov Theorem, e lies in a unique Borel subalgebra b ⊂ g; thus any parabolic reduction of P 0 that is compatible with θ 0 is of the form K −1/2 × γ1 P for a parabolic B ⊆ P ⊆ G. Now pulling back the relative tangent sheaf of P 0 × G (g/p) → C along the section that determines the P -reduction, we get a bundle of the form K −1/2 × γ1 g/p for a parabolic b ⊆ p ⊆ g. It now follows from Lemma 5.4 that this bundle has negative degree.
